Abstract. The aim of this paper is to use mapping class group relations to approach the 'geography' problem for Stein fillings of a contact 3-manifold. In particular, we adapt a formula of Endo and Nagami so as to calculate the signature of such fillings as a sum of the signatures of basic relations in the monodromy of a related open book decomposition. We combine this with a theorem of Wendl to show that for any Stein filling of a contact structure supported by a planar open book decomposition, the sum of the signature and Euler characteristic depends only on the contact manifold. This gives a simple obstruction to planarity, which we interpret in terms of existence of certain configurations of curves in a factorization of the monodromy. We use these techniques to demonstrate examples of non-planar structures which cannot be shown non-planar by previously existing methods.
Introduction
In recent years, a large body of work has brought to light surprising connections between open book decompositions, contact manifolds, Lefschetz fibrations, and symplectic and Stein manifolds. Giroux [9] has demonstrated a 1-1 correspondence between stabilization classes of open book decompositions and contact 3-manifolds up to isotopy of the contact structure, and further shown that such a manifold has a Stein filling if and only if the monodromy of some open book decomposition associated to it through this correspondence has a factorization into positive Dehn twists. Work of Giroux and others (in particular Loi and Piergallini [1] and Akbulut and Ozbagci [12] ) has further shown that such a factorization defines a Lefschetz fibration of a 4-manifold filling of the contact manifold. In the case of a factorization into twists along homologically non-trivial curves, this defines a Stein structure on the filling and an induced contact structure on the boundary which agrees with the original structure. Conversely, any Stein filling induces such a Lefschetz fibration and open book decomposition.
Via the above framework, one may translate questions concerning Stein fillings of a given contact manifold into questions concerning positive factorizations of the set of monodromies of its open book decompositions. It is however generally quite difficult to understand how the sets of possible factorizations of stabilizationequivalent open book decompositions are related.
In this paper, we are concerned with curve configurations in a given mapping class ϕ, by which we mean any subword of a positive factorization of ϕ into Dehn twists. In particular, we are motivated by the idea of using an understanding of possible curve configurations in the monodromy of a given open book decomposition to understand properties of its stabilization class (such as support genus, see e.g. [7] ) and also the set of Stein fillings of the supported contact manifold.
In Section 4, we adapt Endo and Nagami's [5] notion of the signature I(r) of a relator r in the mapping class group (itself a generalization of the Meyer cocycle [14] ) to the setting of contact structures and Stein fillings. This gives a simple method of calculating the effect of changing a factorization of the monodromy of an open book decomposition on the Euler characteristic and signature of the associated filling. In particular, we are able to show: Theorem 4.4. Let Σ = Σ g,b be a surface with boundary, and X Σ,λ , X Σ,λ ′ Lefschetz fibrations over D 2 , where λ ′ is an r-substitution of λ. Then σ(X Σ,λ ′ ) − σ(X Σ,λ ) = I(r).
As an application, we find that well-known presentations of the mapping class group restrict the 'geography' of Stein fillings of a contact 3-manifold.
This technique also gives more stringent restrictions on the set of Stein fillings associated to a contact structure via a given supporting open book decomposition. These restrictions, however, are not in general preserved by stabilization of the open book, and as such are not in general properties of the contact structure itself. Indeed, in [22] we constructed examples of positive open book decompositions for which stabilization enlarges the set of related Stein fillings. If, however, contact (M, ξ) is supported by planar open book decomposition (Σ, ϕ), then the situation is somewhat more restrictive, due to a recent result of Wendl [23] which in effect says that we do not have to stabilize (Σ, ϕ); the set of fillings related to (Σ, ϕ) is exactly the set of fillings of (M, ξ). This result allows us to use the above restrictions to demonstrate new obstructions to a contact structure being supported by a planar open book through existence of particular curve configurations in any supporting positive open book. We have:
Letting n(r) denote the total exponent of all simple closed curves in r, we then interpret this in terms of curve configurations as: Corollary 6.3. Let (M, ξ) be supported by (Σ, ϕ), where ϕ ∈ Dehn + (Σ). Then if ϕ admits allowable relator r satisfying I(r) + n(r) = 0, then (M, ξ) is not supported by a planar open book decomposition.
These obstructions are of a substantially different flavor than the known obstructions due to Etnyre [6] and Ozsváth, Stipsicz and Szabó [18] , and indeed we demonstrate simple examples of non-planar contact structures which cannot be shown non-planar through those obstructions.
As a final comment, the dependence of these results on Wendl's theorem means that this approach, as is, has no hope of giving obstructions to support genus greater than zero. Furthermore, our above-mentioned earlier examples (constructed in [22] ) are of genus 2, so there can be no analogue of Wendl's theorem for genus 2 or higher. The case of genus 1 remains unknown.
The organization of the paper is as follows. Sections 2 and 3 give basic definitions concerning mapping class groups, Lefschetz fibrations, and open book decompositions. In Section 4 we recall Endo and Nagami's signature of a relation, adapting their concept for a more general setting. In Section 5, we combine this with Wendl's result to give necessary conditions on Stein fillings of planar contact structures, which we interpret in terms of existence of certain curve configurations in Section 6. Finally, we compare our results with those of Etnyre [6] and Ozsváth, Stipsicz and Szabó [18] in Section 7.
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Mapping class groups and relators
Let Σ = Σ g,b be a compact, orientable surface of genus g with b boundary components. The (restricted) mapping class group of Σ, denoted Γ Σ , is the group of isotopy classes of orientation preserving diffeomorphisms of Σ which restrict to the identity on ∂Σ. If b = 0, i.e. Σ is closed, we write simply Σ = Σ g . We denote by Dehn + (Σ) the subset of mapping classes which admit factorizations into positive Dehn twists, and by F ac + (ϕ) the set of such factorizations. Denoting by F the free group generated by isotopy classes of simple closed curves on Σ, there is a natural homomorphism g : F → Γ Σ sending a curve α to the positive Dehn twist τ α about α. It is a classical theorem of Dehn that g is surjective. We call each element r of Ker(g) a relator in the generators of Γ Σ .
We have the following presentation of Γ Σ , due to Gervais [8] , with some simplification due to Luo [13] : Theorem 2.1. For a compact oriented surface Σ, the mapping class group Γ Σ has the following presentation: generators: {τ α | α a simple closed curve in Σ}. relators: (I) τ α for α the isotopy class of a null homotopic loop.
α4 for curves as in Figure 1 (a) (the lantern relation)
for curves as in Figure 1 (b) (the 2-chain relation)
In fact, Luo shows that one may replace relation (III) with the special case of #|α ∩ β| = 1; for our purposes the general case is more convenient.
Suppose r = λ −1 1 λ 2 is a relator, and λ a word in Γ Σ which can be written λ = λ 3 λ 1 λ 4 (where each λ i is a positive word). Then we say λ ′ = λ 3 λ 2 λ 4 is an r-substitution of λ. If r is a braid relator, i.e. of type (III) above, an r substitution is often referred to as a Hurwitz move. We will unless otherwise specified be considering words only up to the relations of type (I), (II), and (III), as these preserve most of the information we will be interested in. Note that, with this convention, an r-substitution may always be viewed as concatenation of words. In particular, setting r ′ = λ i1 λ i2 is a relator of type (IV) or (V). We write r = r i . Example 2.2. As an example, consider the '3-chain' relator r = τ
4 , where curves are indicated in Figure 2 (the general definition of an n-chain relation, due to Wajnryb [20] , is given in Section 6). We may decompose r as r 1 r 2 , where r 1 is the lantern relator τ
6 . We recover r by pasting the supporting surfaces along a common subsurface (here a pair of pants) so that α 12 ≃ δ, and α 3 ≃ α 4 ≃ β, and performing a sequence of Hurwitz moves and cancellations. Figure 2 . Decomposition of the 3-chain relator Example 2.3. For a final example, which we include for later reference, we will demonstrate a 'non-standard' relator r ns built from two lanterns and a 2-chain.
6 be as in Figure 3 . Pasting the supporting surfaces for each of these relators together as indicated to get Σ = Σ 1,3 , we have
We then perform a sequence of cancellations to find that
, giving the mapping class equivalence in the lower two figures.
Lefschetz fibrations and open book decompositions
Let X and B be compact oriented smooth manifolds of dimension 4 and 2 respectively, possibly with boundary. A Lefschetz fibration f : X → B is then a 
smooth surjective map which is a locally trivial fibration outside of finitely many critical values {b i } ∈ int(B), where each singular fiber f −1 (b i ) has a unique critical point, at which f can be modeled in some choice of complex coordinates by
, called a vanishing cycle, such that the singular fiber f −1 (b i ) can be identified with f −1 (b ′ ) after collapsing C to a point. The boundary of a regular neighborhood of a singular fiber is a surface bundle over the circle with monodromy a right-handed Dehn twist along the corresponding vanishing cycle. Once we fix an identification of Σ with the fiber over a base point of B, the topology of the Lefschetz fibration is determined by its monodromy representation Ψ :
given by the product of right-handed Dehn twists corresponding to the singular fibers, and called the total monodromy of the fibration. A Lefschetz fibration over S 2 can be decomposed into two Lefschetz fibrations over D 2 , one of which is trivial; consequently, a Lefschetz fibration over S 2 is determined by a relator in the mapping class group. Conversely, given a product of right-handed Dehn twists in the mapping class group, we can construct the corresponding Lefschetz fibration over D 2 , and if the given product of right-handed Dehn twists is isotopic to the identity (and g ≥ 2), then the fibration extends uniquely over S 2 . The monodromy representation also provides a handlebody decomposition of a Lefschetz fibration over D 2 : we attach 2-handles to Σ × D 2 along the vanishing cycles with framing -1 relative to the framing that the circle inherits from the fiber. (For more detail, see e.g. [10] ).
For this paper, the base B will be either S 2 or D 2 . When B = D 2 , we may then specify a Lefschetz fibration by the data of the diffeomorphism type of a generic fiber Σ = f −1 (b), and a word λ = τ αn · · · τ α1 in Γ Σ given as a composition of positive Dehn twists. When B = S 2 , we further require that λ is a factorization of the identity in Γ Σ and the genus of Σ is at least 2. We denote the resulting 4-manifold by X Σ,λ , which is unique up to Hurwitz equivalence (i.e. under relations of type (III) from the previous section) and global conjugation of λ.
An open book decomposition is a pair (Σ, ϕ), where ϕ ∈ Γ Σ . From the mapping torus (Σ × [0, 1])/ ∼, where (ϕ(x), 0) ∼ (x, 1) for x ∈ Σ, we obtain a closed 3-manifold M Σ by gluing solid tori to the boundary so as to identify (y, t) with (y, t ′ ) for y ∈ ∂Σ. For a closed 3-manifold M , a celebrated result of Giroux [9] gives a 1-1 correspondence between open book decompositions of M up to a stabilization operation and contact structures on M up to isotopy.
In the case that a Lefschetz fibration over D 2 has fiber Σ = Σ g,b , b = 0, the boundary M = ∂X Σ,λ has a natural open book decomposition (Σ, ϕ), where λ ∈ F ac + (ϕ). Conversely, given an open book decomposition (Σ, ϕ), a positive factorization λ into twists about homologically non-trivial curves obviously determines a Lefschetz fibration X Σ,λ , which by Eliashberg [3] determines a Stein structure on X Σ,λ . Even more, the contact structure induced on M by the Stein filling given by the Lefschetz fibration agrees with the contact structure supported by the open book decomposition (Σ, ϕ) through the Giroux correspondence (full details may be found in [1] , [17] ).
Signature and Euler characteristic of a relation
In [5] , Endo and Nagami introduce the concept of the signature of a relation in a mapping class group, generalizing a formula of Meyer for the signature of a surface bundle over a surface to the case of a Lefschetz fibration over S 2 with closed fiber. A particularly useful aspect of this approach is that it allows one to calculate the signature of a Lefschetz fibration as the sum of basic relations in the monodromy. Definition 4.1. (Endo and Nagami [5] ) Let Σ = Σ g , g : F → Γ Σ the homomorphism defined in Section 2, and τ g : Γ Σ × Γ Σ → Z the signature cocycle of Meyer. Then there is an explicit homomorphism c g : ker(g) → Z inducing the evaluation map H 2 (Γ Σ ) → Z for the cohomology class of τ g . For a relator r ∈ ker(g), the signature of r is I(r) := −c g (r) − s(r), where s(r) is the total exponent of the separating curves in r.
In [5] , Propositions 3.6, 3.9, 3.10, and 3.12, the signatures of the relations listed in Theorem 2.1 are calculated. In particular, we have: Lemma 4.2. Let r b , r l and r c be the braid, lantern and 2-chain relators (III, IV and V of Theorem 2.1), n(r) denote the total exponent of all simple closed curves in r, and I as in Definition 4.1. Then
Now, following section 2, for r any relator, we write r = r i , where each r i is either a lantern or a 2-chain relator. Clearly, we have n(r) = n(r i ). Furthermore, it follows from Definition 4.1 that I(r) = I(r i ). Thus, for example, for r the 3-chain relator as constructed in Example 2.2 we have r = r 1 r 2 where r 1 is a lantern, r 2 a 2-chain relator. Thus I(r) = 1 − 7 = −6, while n(r) = −1 + 11 = 10. If we consider instead the 'non-standard' relator r ns of Example 2.3, we see that I and n agree with that of the 2-chain relator.
It is straightforward to see from the handlebody description that if a Lefschetz fibration is modified by an r-substitution in the associated mapping class factorization, then the change in the Euler characteristic of the 4-manifold is exactly n(r); i.e. if λ ′ is an r-substitution of λ, then n(r) = e(X Σ,λ ′ ) − e(X Σ
For the purposes of this paper, we require a version of Theorem 4.3 which covers the case of Lefschetz fibrations with open book decomposition boundary. We have:
Theorem 4.4. Let Σ = Σ g,b be a surface with boundary, and X Σ,λ , X Σ,λ ′ Lefschetz fibrations over D 2 , where λ ′ is an r-substitution of λ. Then
Our approach is to embed X Σ,λ and X Σ,λ ′ into Lefschetz fibrations which satisfy the hypotheses of Theorem 4.3, and then, using Novikov additivity and Wall's formula for non-additivity of the signature, show that the signature equality (1) holds at each step as we remove what is necessary to recover our original fibrations. We require the following application of Wall non-additivity:
be the result of gluing along a common submanifold N of the boundaries via an orientation reversing diffeomorphism f . Then
). Proof. By Wall's formula for additivity of the signature in this situation [21] , we have
where the 'correction term' σ(V ; A, B, C) depends only on the inclusions of ∂N in ∂X 1 − N, N and ∂X 2 − N . In particular, the calculation for σ(
2 ) gives the same correction term, from which the result follows.
Proof of Theorem 4.4. To set things up, let Σ ′ ∼ = Σ 1,b+1 , Σ ′′ := Σ ∪ ∂(Σ) Σ ′ , and Σ the closed surface obtained by filling in the remaining boundary component ( Figure  4 ). It is well-known that any mapping class on Σ g,1 has a factorization such that all negative twists are about the boundary component δ, so in particular there is n such that τ n δ • λ −1 has positive factorization λ 1 . The word λ 1 • λ is thus a factorization of the identity element in Γ Σ , so X Σ,λ1•λ gives a Lefschetz fibration over S 2 (a similar construction was used in [2] , where one may also find a proof of the above 'well-known' fact). Note that our choice of Σ ′ ensures that, unless Σ is a disc (in which case the mapping class group is trivial), the genus of Σ is at least 2, so that X Σ,λ1•λ is well-defined. Now, λ = λ ′ as elements of Γ Σ , so the above goes through identically for λ ′ . By Theorem 4.3 we have It remains to check that the equality (1) holds as we remove these new bits to recover the signatures σ(X Σg ,λ ) and σ(X Σg ,λ ′ ) for the Lefschetz fibrations over D 2 . The Lefschetz fibration X ( Σ,λ1•λ) over D 2 is obtained from the (closed) fibration over S 2 by deleting a piece with zero signature, so by Novikov additivity the equality (1) holds for these. Similarly, using Lemma 4.5, removing a disc from the fiber (corresponding to a 4-ball in the corresponding 4 manifold) to recover the Lefschetz fibrations with fiber Σ ′′ gives
•λ is a fiber sum of X Σ ′′ ,λ1 and X Σ ′′ ,λ , so
Finally, another application of Lemma 4.5 gives the equality for Σ, as desired.
Applications
Let (Σ, ϕ) be a positive open book decomposition supporting (M, ξ). Now, while any λ ∈ F ac + (ϕ) determines a Stein filling X Σ,λ of (M, ξ), it is not the case that any Stein filling X can be given as X Σ,λ for some λ ∈ F ac + (ϕ) (see Section 5 of [22] for an explicit counterexample). It does however follow easily from Giroux's theorem that there is some (Σ ′ , ϕ ′ ) obtainable by some number of positive stabilizations on (Σ, ϕ) such that this holds; i.e for any Stein filling X of (M, ξ), there is λ ∈ F ac + (ϕ ′ ) such that X = X Σ,λ . Note then that by Theorem 4.4, and the calculations of Lemma 4.2, we find that, if X ′ is any other Stein filling of (M, ξ), then e(X) + σ(X) ≡ e(X ′ ) + σ(X ′ )(mod4).
Corollary 5.1. If X, X ′ are Stein fillings of contact (M, ξ), then e(X) + σ(X) ≡ e(X ′ ) + σ(X ′ )(mod4).
Remark 5.2. It is worth noting that this corollary is included here mainly for motivational purposes; on its own it can be derived easily by observing that, if Y is a (strong) concave symplectic filling of (M, ξ), then X ∪ M Y and X ′ ∪ M Y admit symplectic, in particular almost-complex, structures, so that the sum e + σ of each is 0(mod4) (see e.g. [10] ). The conclusion follows easily.
If, however, (M, ξ) is supported by planar (Σ, ϕ), then the situation is somewhat more restrictive, due to a recent result of Wendl which in effect says that we do not have to stabilize (Σ, ϕ). In particular, in [23] , Wendl has shown that if planar (Σ, ϕ) supports (M, ξ), and (X, ω) is any minimal strong symplectic filling of (M, ξ), then (after possibly enlarging X by a trivial symplectic cobordism preserving the contact boundary), (X, ω) admits a Lefschetz fibration whose boundary is (Σ, ϕ). It follows that (X, ω) is symplectically deformation equivalent to Stein X Σ,λ for λ ∈ F ac + (ϕ). To summarize using our notation, Theorem 5.3 (Wendl) . Suppose that X is a minimal strong symplectic filling of (M, ξ), and that the latter admits a planar open book decomposition (Σ, ϕ). Then there is λ ∈ F ac + (ϕ) such that X = X Σ,λ .
To see that this gives a restriction, we have the following direct corollary of Theorem 2.1:
Corollary 5.4. Let Σ = Σ 0,b be a planar surface, ϕ ∈ Γ Σ , and λ 1 , λ 2 ∈ F ac + ϕ. Then λ 1 , λ 2 are related by an r-substitution where r = r i is a concatenation of lantern relations. Now, it follows that, for each i, either I(r i ) = 1 and n(r i ) = −1, or I(r i ) = −1 and n(r i ) = 1. In particular, we have: Lemma 5.5. Let Σ = Σ 0,b be a planar surface, ϕ ∈ Γ Σ , and λ 1 , λ 2 ∈ F ac + (ϕ). Then e(X Σ,λ1 ) + σ(X Σ,λ1 ) = e(X Σ,λ2 ) + σ(X Σ,λ2 ).
And thus:
Theorem 5.6. If X 1 , X 2 are Stein fillings of planar (M, ξ), then e(X 1 ) + σ(X 1 ) = e(X 2 ) + σ(X 2 ).
Note that, using Wendl's result (see the discussion preceding Theorem 5.3), and the observation that e + σ is preserved under blowups, we may replace 'Stein' in Theorem 5.6 with 'strong symplectic'. In fact, a recent strengthening of Theorem 5.3 due to Niederkrüger and Wendl [15] , and brought to our attention by Chris Wendl, extends the result to the more general case of weak symplectic fillings.
Curve configurations as obstructions to planarity
We begin with some terminology: From the discussion following Lemma 4.2, along with Theorem 5.6, it follows immediately that if positive ϕ admits allowable relator r, and I(r) + n(r) = m, then the supported contact manifold admits Stein fillings X and X ′ such that e(X) + σ(X) = e(X ′ ) + σ(X ′ ) + m. By Theorem 5.6, (M, ξ) can therefore be planar only if m = 0.
We may then restate Theorem 5.6 as follows:
, where ϕ ∈ Dehn + (Σ). Then if ϕ admits allowable relator r satisfying I(r) + n(r) = 0, then (M, ξ) is not supported by a planar open book decomposition.
We proceed with a particularly simple realization of this obstruction. From Lemma 4.2, we see that if ϕ admits the 2-chain relator, then (Σ, ϕ) is not stabilizationequivalent to any planar open book. We can generalize this as follows:
is an open book decomposition satisfying ϕ ∈ Dehn + (Σ), and let Σ ′ ∼ = Σ g,b be a subsurface of Σ such that ϕ contains the multicurve ∂Σ ′ . Then we say ϕ bounds Σ g,b .
Consider the following well-known (see e.g. [20] ) generalization of the 2-and 3-chain relations introduced in section 2. Let α 1 , . . . , α n be a chain of curves; i.e. such that each pair α i , α i+1 have a single point of intersection, while curves of non-consecutive index are disjoint. Note that for n even, a regular neighborhood of such a chain is a surface of genus n/2 with 1 boundary component, which we denote δ, while if n is odd, a regular neighborhood is a surface of genus (n − 1)/2 with 2 boundary components, which we denote δ 1 and δ 2 .
Lemma 6.5. (see, e.g. [20] ) For even n, τ
2n+2 is a relator, while for odd n, τ
n+1 is a relator.
Using the n-chain relation, we see that if ϕ bounds either Σ g,1 or Σ g,2 , g > 1, then ϕ bounds Σ g ′ ,2 for each 2 ≤ g ′ ≤ g. In particular, ϕ bounds Σ 1,2 , and so any of these is an obstruction to planarity.
We may similarly obtain relators (and thus obstructions to planarity) if ϕ bounds Σ 1,b for 2 ≤ b ≤ 9 (see [11] for an explicit construction, from which one may easily calculate I and n for each relator -indeed, each can be decomposed as a concatenation of a single 2-chain relator with some number of lanterns, so the sum I(r) + n(r) for each such r agrees with that of the 2-chain). Note that the nonexistence of elliptic fibrations with more than 9 disjoint sections means that there is no such relator for b > 9.
In the genus 2 case, Onaran [16] has given relators for Σ 2,b , b ≤ 8. Analogously to the previous case, there can be no such relator for b > 12; it is not known whether relators exist for the remaining cases 9 ≤ b ≤ 12. It is again straightforward to check that each satisfies I(r) + n(r) = 0, and so gives an obstruction to planarity; i.e. if ϕ bounds Σ 2,b for b ≤ 8, then the contact manifold supported by (Σ, ϕ) is not planar.
Of course one may play a similar game with arbitrary relations, such as that of Example 2.3, which need not necessarily bound any subsurface.
Comparisons with existing obstructions
In this section we make some comparisons between the implications of the results of this paper and those of [6] and [18] . To that end, we recall here the relevant theorems from these papers:
The first known obstruction to planarity is as follows: For the obstruction of [18] , recall that (a version of) the Heegaard Floer homology, HF + (M ), of a 3-manifold M is an invariant which is a module over the polynomial algebra Z[U ]. Moreover, the decreasing sequence of submodules 
This last obstruction is of course quite difficult to apply directly, as HF + , as well as c + , are in general quite difficult to calculate. We have however the following corollaries:
Corollary 7.3. [18] Suppose that c + (ξ) = 0 and the associated spin c structure s(ξ) is nontorsion (that is, c 1 (s(ξ)) is not a torsion class). Then ξ is not supported by a planar open book decomposition.
Corollary 7.4. [18] Suppose that M is a rational homology 3-sphere (M, ξ), ξ a contact structure with c 1 (s(ξ)) = 0, and that (M, ξ) admits a Stein filling (X, J) such that 2c 1 (X, J) = 0. Then ξ is not supported by a planar open book decomposition.
Observation 7.5. Note that Corollary 7.4 is actually a slightly weaker version of the corollary as written in [18] , which in particular does not require M to be a rational homology sphere, and also only requires c 1 (X, J) = 0. Indeed, several of our examples below provide examples in which the corollary does not follow without these extra conditions. András Stipsicz has informed us that this weaker version was in fact the intended statement. Now, given (M, ξ) with open book (Σ, ϕ), denote by C (Σ,ϕ) the set {(Σ ′ , ϕ ′ )|Σ ⊂ Σ ′ , and ϕ ′ contains ϕ}. Thus, for each element of C (Σ,ϕ) , there is a Stein cobordism from (M, ξ) to the supported contact 3-fold (given by attaching 1-handles, and 2-handles along Legendrian knots -observe that via chain relations we may assume all Dehn twists are about homologically non-trivial curves). Now, for each of the three obstructions, if (M, ξ) can be shown to be non-planar, then the same is true of each (M ′ , ξ ′ ) supported by an element of C (Σ,ϕ) . Indeed, for our obstruction this is trivial. For the others, in [6] it follows from (the construction in the proof of) the main theorem, while for [18] the result follows from properties of the map F + −X induced by the cobordism X. We will use our examples coming from the 'bounding' configurations of the previous section as a test case for our comparison. We will denote the mapping class which factorizes into a Dehn twist about each boundary component of Σ by τ ∂Σ (or simply τ ∂ if there is no ambiguity). Then C (Σ g,b ,τ ∂ ) is exactly {(Σ, ϕ) | ϕ bounds Σ g,b ⊂ Σ}. We have: Corollary 7.6. Let (M, ξ) be supported by (Σ, ϕ) with ϕ ∈ Dehn + (Σ). Suppose ϕ bounds Σ g,b , where one of the following holds:
Then ξ is not supported by a planar open book decomposition.
Proof. The only case not covered by the results of Section 6 is g = b = 1. We may however, as in [7] , observe that (Σ 1,1 , (τ a1 τ a2 ) 5 ) supports the unique tight structure on the Poincaré homology sphere Σ(2, 3, 5), which is non-planar by [6] . Then C (Σ1,1,τ ∂ ) ⊂ C (Σ1,1,(τa 1 τa 2 ) 5 ) , so we are done. Observation 7.7. As we will see, the 3-manifold corresponding to the minimal element (Σ g,b , τ ∂ ) in each above case is the circle bundle Y g,−b of Euler number −b over a closed surface of genus g. The Heegaard Floer groups of these manifolds have been particularly well studied. In particular, it follows from e.g. Theorem 5.6 of [19] 
. Thus the obstruction of Theorem 7.2 (and its corollaries) does not apply to any contact structure on these manifolds. On the other hand, by Lemma 7.8, we see that Theorem 7.1 applies only in the case g = b = 1. We find then that for e.g. g = 1 and 1 < b ≤ 9, or for g = 2 and 3 ≤ b ≤ 8, the contact structure supported by (Σ g,b , τ ∂ ) can be shown non-planar only by our methods. Proof. Observe firstly that M and X are determined by the surgery diagram in Figure 5 ; in particular one may read off the intersection form Q X from the 'Borromean knot' description in Figure 5 (b). Of course M is the circle bundle over the closed surface of genus g with Euler number −b.
For the numbered statements, each follows easily from the methods of [7] . As in that paper (though with slightly different notation), we let a 1 , . . . , a 2g , d 1 , . . . , d b be the standard generators of H 1 (Σ), where the d i correspond to curves parallel to the boundary components. Choose a component ∂ 1 of ∂Σ, and connect each remaining For the Chern classes, again following [7] , we will view the curves involved in a given positive factorization λ = τ αn · · · τ α1 of ϕ into homologically non-trivial curves as embedded in distinct pages of the trivial open book of # 2g+b−1 (S 1 × S 2 ), whose supported contact structure is filled by the unique Stein structure on # 2g+b−1 (S 1 × D 3 ) ( Figure 6 ). We may then calculate each rotation number r(α i ) (of a Legendrian realization of α i ) as the winding number of α i with respect to a standard trivialization of the tangent bundle of the page. In our specific situation, with the curves labeled as in Figure 6 , we see that r(d 1 ) = 0, r(d i ) = 1 for 2 ≤ i ≤ b − 1, and finally r(d b ) = 2g. In particular, c 1 (X, J) = 0. Furthermore, c 1 (ξ) is the restriction of c 1 (X, J) to the boundary M , and its Poincaré dual is given by:
where µ i is the meridian of α i . To conclude then, we find that if (Σ, ϕ) is supported by (Σ g,b , τ ∂ ), then in the cases not considered in Corollary 7.6, there is no obvious obstruction to planarity, where by 'obvious' we mean that neither the explicit curve configurations of this paper, nor Theorem 7.1 or Corollaries 7.3 and 7.4 apply. Of course it is possible that in some cases either a curve configuration or explicit Heegaard Floer calculation would allow one to apply either our results or Theorem 7.2.
